We give a microscopic derivation of the single-phonon electron-lattice interaction in an ionic crystal usually employed in polaron theory. We then examine the nature of the coupling with the acoustic lattice modes and, for a simple, one-dimensional model, find conditions under which discontinuous changes in the binding energy of an acouston may occur.
There exists an extensive literature on polaron theory. The early work can be found in PEKAR'S monograph while SCHULTZ'S MIT thesis 2 gives the literature up to 1956. (We refer also to KITTEL'S recent text-book 3 ). In this theory one uses an interaction describing the effect of the lattice on the motion of an electron in an ionic crystal. The expression for this interaction is usually derived phenomenologically [1] [2] [3] [4] [5] , but in the present paper we shall for a simplified model derive it microscopically, using a definition of the dielectric constant due to NOZIERES and PINES 6 . In this way we are able to indicate some of the assumptions underlying the application of the usual expression.
Our treatment also reveals a short-range interaction with the acoustic lattice modes which is lost in the normal continuum model, and we shall study what light this sheds on the possible existence of a self-trapped acouston.
The Electron-Lattice Interaction
The model we are using is that of an ionic lattice of bare point charges. If an extra electron is placed in the lattice at R, the interaction F0(R) with the undisplaced ions will be
j where eZj is the charge of the j-th ion and So? its equilibrium position. If now the ions are slightly displaced from their equilibrium, by dSj say, the interaction becomes
where
(R-Soj-öSj).
The displacement dSj can be expanded in terms of creation and annihilation operators as follows 3i 7
where we have characterized the /-th ion by two vectors, b and Tl, with Tl a lattice vector and b the basis vector of the appropriate ion in the unit cell, where the are polarisation vectors, and the ßqhP normalization constants (we normalize to unit volume) :
Here q is the wave-vector of the relevant mode, p indicates the branch, and coQP the frequency of the q, p-th mode.
Substituting (4) into (3), we see that we are left with a sum over p, q, Tl and b. The summation over n can be performed by using for the /^-dependent part the identity, valid for any function G{R) :
• exp{ -ik R} , where the sum is over the first BRILLOUIN zone. The integration over R' can thus performed, and the summation over n leads to a ^-function which allows us to sum over fc. The final result is:
where the structure factor F(q,p) is
Instead of a coupling involving the bulk properties of the crystal, we find a quantity involving only one unit cell. This factor will in general show a marked q-dependence, which we may expect to reduce the coupling with wave-vectors close to the edge of the BRILLOUIN zone. Thus the interaction drops off even faster than the 1/q decrease of the usual macroscopic formula [1] [2] [3] .
For optical modes, 6 qbp changes sign for some values of b, and the coupling will obviously be strongest for those modes where 6 qbp changes sign at the same sites as Zb . This gives us a criterion for estimating the strength of the interaction with a given mode.
For acoustic modes, eQbp does not change sign for any b, and hence the coupling will be small if there is over-all charge neutrality in each cell. However, F(q,p) will not vanish for all q, and in this case we expect the phasefactor exp{iq-b} to tend to increase the coupling for large values of q.
From this discussion it is clear that the microscopic formula (7) contains a wealth of detailed information on the coupling of each specific lattice mode with a given electron. This is in contrast to the macroscopic formula, which must in some sense be an average interaction taken over all (optical) modes.
Connection with the Dielectric Constant
We now wish to establish under what conditions Eq. (7) reduces to the usual macroscopic formula, where we have 3 
where ex and e0 are, respectively, the square of the optical refractive index and the static dielectric constant.
To find a connection between (9) and (7) we must define the dielectric constant in microscopic terms. We do this by using the definition of NOZIE-RES and PINES 6 :
where (,oq) is the thermal average of the g-th FOU-RIER component of the charge density fluctuation due to a (weak) test charge rjQ . The charge density iO(r) is clearly given by the expression e(r) =e2Zbd (r-n-b-dSn,b) .
n,b
Substituting (4) into (1), FOURIER transforming, assuming ds n ,b to be sufficiently small that we may expand exp{i(q -ösn,b)} in powers of q and retaining only the first non-vanishing term after using the charge neutrality condition, summing over tl and noting that eQbp and ßqbp are, respectively, odd and even functions of q, we get:
To find ( ,oQ) we use perturbation theory. As long as the temperature T satisfies the inequality £Bo T < h co0PT we can take the unperturbed state of the lattice to be the ground state. This inequality is not very restrictive as the excitation energy h a>opt of the optical lattice modes is quite high.
The perturbation due to the insertion of the test charge will be Ppert=(4 W9 2 ) +
and using the perturbation expression for the perturbed ground state wave-function -which contains an admixture of unperturbed one-phonon statesand expression (13) for ,oq, we find after some straightforward calculation that to this order the non-vanishing terms lead to (11) and (8),
In the limit as q 0 -a limit effectively taken at the start of the usual derivation -assuming that the coupling does not vary much from its q = 0 value and that only the optical branches need be considered, we can make the identification 
F(q,p)=F*(q,p)
• 2 I 1 I ( a Q + exp{ -i q • R} -h. c.), which is identical with (9) for our bare point-charge model in which = 1.
Interaction with Acoustic Modes
The expression (7) is exact in the limit of small lattice displacements, and we can use it to consider the interaction of an electron with the acoustic modes. In that case, the coupling has a short range, would vanish in the limit as q -> 0, and is therefore lost in the continuum approximation.
To study this case we consider the very simple model of a linear chain of alternately possive and negative ions of equal mass M and a distance a apart. The dispersion relation for the acoustic mode is then 8 :
where (J is a coupling constant. In this case (7) has the form (9) with
We remark that an analysis based on (20) would seem to be about as valid as optical polaron theory, as both that theory and (20) stem from (7). However, TOYOZAWA 9 , in studying the so-called "acouston" -an electron clothed by acoustic phononsworked with the deformation potential, which is of even shorter range than (20), having \ v 2 \~q for small q. This potential was originally derived 10 on the assumption that the ionic potential is screened out over distances greater than the dimensions of the unit cell by cooperative effects due to the other electrons. This assumption is clearly appropriate to the case of a metal, but is not so obviously applicable to ionic crystals, where the number of screening electrons is so much smaller. We shall therefore examine some of the consequences of (20). Especially interesting is the possibility of "self-trapping" -a discontinuous change in the self-energy and effective mass of the acouston as the coupling parameter is varied. Although TOYOZAWA 9 claims to have shown that self-trapping occurs, his wave-function was to some extent selected arbitrarily to promote a discontinuity.
The Acouston Self-Energy
Assuming the relevance of PEKAR'S adiabatic theory 1 , we have, for the self-energy of our quasiparticle, The EULER-LAGRANGE equation resulting from (21) is non-linear, and in view of the computational complications we have only considered one set of trial functions, to wit GAUssian functions. We then find -after some simplifications which we hope do not affect the qualitative result -that although the variation in Em;n becomes steep for a wave-function with a scale of the order of the lattice spacing, there is no discontinuity in Em-m such as was found by TOYOZAWA. We have not yet considered two-parameter wave-functions such as those describing the eigenstates of a particle in a potential well of variable height and width, but it does not seem likely that such a modification would greatly influence this conclusion.
Discontinuities in the Presence of a Shielded Potential
An interesting question is whether our approach can reveal discontinuities in Em-m when a certain amount of shielding is introduced into the ionic potential. This can be achieved by changing the denominator q 2 in (20) to q 2 + A 2 .
Substituting this new expression for vq into (21), and using the GAUssian trial function V(r) = (ß/ny<e-W,
we find, after assuming A 2 jß to be a small quantity and that the main contributions to E(ß) come from the region of small q, E'm{a = \nA-lvia 2 ,
where E' = 3fc 2 /4 4 m e 2 Z 2 m
From this we see that a discontinuity in the selfenergy may occur if A is sufficiently small.
Our conclusion is tentative, but the analysis shows that self-trapping is critically dependent on the amount of screening involved.
